When developing a gait cycle on a low-friction surface, a biped robot eventually tends to slip. In general, it is common to overcome this problem by means of either slow movements or physical adaptations of the robot at the contact point with the walking surface in order to increase the frictional characteristics. In the case of slipping, several types of sensors have been used to identify the relative displacement at the contact point of the supporting leg with the walking surface for control purposes. This work is focused on the experimental implementation of a low-cost force sensor as a measurement system of the slipping phenomenon. It is shown how, supported on a suitable change of coordinates, the force measurement at the contact point is used to obtain the total displacement at the supporting point due to the low-friction conditions. This is an important issue when an accurate Cartesian task is required.
Introduction
In the large and increasing variety of works that deal with biped locomotion, there are some dynamic characteristics that have not been widely studied since they do not represent critical conditions on a specific task. However, there exist some cases in which those dynamics must be considered. In particular, the slipping phenomenon describes one of these situations that, in general, is avoided by providing a suitable environment. Nevertheless, if the circumstances are such that the walking surface has low-friction characteristics, then the slippage becomes substantial and this situation implies a challenge in the measurement of the resulting displacement that provides crucial information for control tasks.
There are some works in the literature that consider the slipping phenomenon as a fundamental dynamics in their analysis. In [5] , the frictional characteristics are regulated by following a previously calculated walking pattern, which considers safety conditions for not falling down. In [2] and [9] , it is implemented a feedback control that allows the robot to modify its posture from an undesired movement due to an undesirable skid; this control strategy has the advantage of fast convergence to stable trajectories. In [6] , it is implemented an observer scheme that compares a reference force profile with a measured one in order to obtain an estimated slip force and, in this way, determine a possible slip condition for a biped robot in a low-friction surface. In order to obtain the magnitude of the displacement produced by the slip, in [7] , the relative movement between two bodies is measured by means of an integrated device constituted by multiple force/torque and tactile sensors.
The knowledge of a slide due to a slipping condition is crucial in control schemes where Cartesian based evolution is very important and, in more complex situations, where the slipping effects imply an unstable condition that could lead the robot to fall down. When the friction conditions are low, it is important to know how a robot can develop a correct and stable walking trajectory in order to avoid falls; for doing this, the measurement of the slipping motion is a critical requirement.
A simple low-cost way to measure the slippage is addressed in this work by considering a particular resistive force sensor. This approach considers the incorporation of an additional degree of freedom that takes into account this type of movement at the end of the stance leg. In this way, the slipping dynamics is characterized in terms of forces acting at the contact point, involving the frictional and tangential forces that result from the evolution of the robot posture during the gait cycle. The analysis and experiments carried out in this work show how the displacement and velocity due to the slipping phenomenon can be obtained. This information could eventually be taken into account in a corrective control action in order to preserve the stability of the walking cycle in the Cartesian space.
The rest of the paper is organized as follows: In Section 2, the dynamic model of the biped robot under study is described together with the main hypotheses that are considered in the rest of the work. The conditions for the existence of the slipping phenomenon are also stated taking into account the friction force described by a simple Coulomb model and the resulting tangential force due to the articular dynamics. The system is represented in a suitable error coordinates in Section 3 and the system in closed loop with a particular feedback law is analyzed in Section 4. The physical platform and the experimental results are described in Section 5 and finally, some general conclusions are presented in Section 6.
Class of underactuated biped robot
The considered biped robot that is subject of analysis consists of four articular and actuated degrees of freedom. However, in order to analyze the slipping dynamics, an additional prismatic and nonactuated degree of freedom is incorporated at the contact point of the stance leg with the walking surface, characterizing an under-actuated system. where, in order to simplify the notation, it was defined ) ( cos = (3) Being g the gravity constant, the parameters of the above matrices are given in Table 1 . 
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Under these conditions, model (2) can be rewritten as 
Conditions for the existence of slipping motion

Error coordinates representation
From the general representation of the biped robot (4), it is not an easy task to determine the influence of external force ext f over the possible slipping dynamics due to the coupling between the actuated and the nonactuated dynamics of the system. In order to overcome this problem, in what follows, a new system representation will be considered by taking into account a set of desired trajectories that are required to be tracked in a walking cycle. As a first step, a "collocated linearization" [13] together with a change of coordinates will be used in order to get a decoupled subsystem that will allow analyzing the required slipping phenomenon.
Partial linearization
In order to decouple the dynamics of the actuated (4a) and nonactuated (4b) subsystems, an input-output feedback linearization is proposed by considering (9) is the result of the "collocated linearization" [13] , which refers to a feedback that linearizes the equations associated with the actuated coordinates.
In order to express system (9) where the z subsystem (10a) represents the linear and completely actuated articular dynamics, whereas the subsystem (10b) determines the evolution of the slipping dynamics. Notice that in Equation 10, the new input appears in both z and subsystems, a situation that complicates the control design for the entire system. To overcome this problem, it is possible to rewrite (10) in a particular form such that the nonactuated coordinates can be decoupled with respect to input .
Decoupling of the control input
Subsystem (10b) can be decoupled with respect to by considering the global change of coordinates [8] , Depending on the initial conditions, a high demand of torque signals could appear at each joint in order to get the convergence of subsystem given in (14a); this situation causes an increment in force T f and eventually a slippage. When this situation occurs, subsystem (14b) evolves according to the induced effects from the articular performance and consequently of the subsystem behavior. Therefore, although the articular and slipping dynamics seem to be decoupled, there is a direct influence of the articular behavior on the slipping phenomenon. In general, an articular movement with specific conditions of velocity and posture could eventually produce a slippage, however, the analysis of the slipping phenomenon is naturally developed during stable walking cycles, thus it is meaningless to analyze a slippage produced from random articular movements. The following section is focused on the tracking of a reference trajectory, assuring a desired performance that could eventually imply the existence of realistic slides.
4.-Closed-loop analysis and finite-time convergence
With the consideration of a feedback law already used in the biped robots literature [4] , in what follows, a brief analysis of the closed-loop dynamics is presented.
Single-support phase
Notice that the subsystem (14a) is a double integrator that can be easily stabilized with a specific feedback . Because of the nature of the robot dynamics with respect to the walking cycle, it is necessary to ensure the error convergence before the step ends in order to guarantee a desired behavior. A finite-time convergence has already been implemented for biped robots, see for instance [4, 10] . In this work, the feedback law used in [4] is considered and originally defined in [1] for a double-integrator system. Regarding Equation 13(c), the auxiliary input is given by has been proved in [1] , the global stability of (13c)-(15) in closed loop with a double-integrator system, as the one of the subsystem (14a), can be stated by using a suitable Lyapunov function.
In general, the rate of convergence of error in subsystem (14a) determines the evolution of the subsystem (14b). Notice that, for the doubleintegrator subsystem (14a), a critical situation appears at the transient response, where the evolution of the error is different from zero and depends on the initial conditions; however, when consequently, 2 is bounded too. As a direct consequence of this fact, the displacement of contact point 1 will never grow indefinitely.
Double-support phase: impact dynamics
In general, the slipping phenomenon could not only appear at the single-support phase, but also the double-support phase could produce slip conditions because of the impact forces at the end of the step. Nonetheless, given that the double support is assumed as an instantaneous event, it is only characterized by an isolated and resetting map that allows to define the initial condition for a new step. This map is defined by a coordinate swapping such that the stance leg becomes the swing leg and vice versa and it is done once the impact has occurred, which in turns produces a natural discontinuity in the velocities. For the considered approach, the impact dynamics and the described map define the double-support phase. The conditions for the existence of slipping at the double-support phase can also be determined in terms of the impact forces and friction characteristics as in (6) . However, a non slipping condition can be assured by considering a specific behavior such that, at the end of the step, the robot hit the ground with sufficiently slow velocity. This implies that the tangential forces at the impact point are lower than the friction force.
In a general case where the robot slips, according to the instantaneous assumption, the slippage in the double-support phase could be considered as the one at the beginning of the single-support phase. This implies that the eventual slippage will correspond to an initial condition for 1 and 2 . In this case, it can be shown that the boundedness of the closed-loop system holds even when the slipping at the impact point is produced. A critical situation arises when the velocity is such that the impact produces a high discontinuity at the joint velocities, nevertheless, based on [3] , it can be shown that they are expressed as
where D is given in Equation 2, Regarding the boundedness property of these matrices, the impulse generated by the discontinuity of velocities is also bounded and, consequently, the doublesupport phase can be considered a perturbation that eventually is absorbed by the control strategy.
Experimental results
Before presenting the experimental results of the work, a general description of the biped robot laboratory prototype is given.
Experimental platform
The biped robot prototype has been designed in order to be dynamically analyzed only in the sagittal plane. This is done by means of an external and restrictive frame which allows only translational free movements along vertical and horizontal axes. The biped robot is fixed to the exostructure at the hip, allowing a simple and noninvasive support. Figure 3 shows the physical platform. Based on [11] , the biped robot is built with a special actuator mechanism which allows generating the high-torque requirements at the joints from a low-torque actuator; however, it has an important drawback: the high-velocity demand for the same actuator. The actuation method consists basically on a linkage mechanism, where the main input is provided by a brushed DC motor producing a translational movement through a ballbearing screw which results in the required rotational movement for the knee and hip joints.
This mechanism is depicted in Figure 4 for the knee joints. The mechanical advantage of the transmission is determined by gain factors that are directly related with the current state of each joint. The inputoutput torque and velocity relations can be manipulated by changing the mechanical parameters of the mechanism.
The proposed mechanical interface limits the working space because of the admissible displacement of the nut along the screw as well as the length of the involved elements. Because of this, the resulting bounds for the joints can be described as As mentioned before, the contact with the walking surface is designed to be punctual and at the end of each leg a pressure mechanism has been implemented such that, at each contact point with the ground, the measurement of the contact force is obtained by means of a strategically located lowcost resistive sensor. This implementation is depicted in Figure 5 . A Flexiforce sensor is used that has an approximate linear resistive response to an applied force. In order to compute the articular position, an optical encoder is installed at each joint. There is also an inclinometer at each tibia to sense an eventual fall of the robot. In addition, limit switches are used to prevent a mechanical damage as a consequence of displacements out of the ranges previously defined.
It is clear that the complexity of the mechanical prototype is not totally described by the mathematical model (2), obtained in Section 2, because it does not consider the auto-lock characteristic induced by the type of actuation, that is, the model assumes that the motor acts directly at the joint, a fact that actually does not happen. Nonetheless, it is possible to add the effect of the actuation mechanism as a gain factor ) (q for the control input, in this way, the actual input motor torque m , is expressed as
where subscript j defines the hip joint ( h j = ) or the knee joint ( k j = ) and is the control signal for each joint derived from the closed-loop system.
Experimental slip estimation
To carry out the experiments, feedback law (13c)-(15) is implemented in a Matlab-Simulink platform supported on a DSP system DS1104 from DSpace. This board acts as real-time interface for the four 1000cpr optical encoders, the two Flexiforce resistive force sensors, the two axes and 9000cpr inclinometers at each tibia and the limit switches. Also, the DSP system provides the analog output torque signals for driving the DC motors. A general scheme of the experimental platform is depicted in Figure 6 . For all the experiments it was considered a sampling time of 5 ms. The slipping motion at the supporting point of the biped robot can be induced by developing one step. The slip estimation will be obtained by processing the information provided by the force sensor that measures the actual force at the contact point. This force is split in tangential and normal components, according to angle that describes the position of the center of mass as depicted in Figure 2 . Once the tangential force is known, a preliminary analysis is implemented in order to obtain the coordinates evolution and then, with the help of map (11) , to obtain the real displacement 1 at the base of the stance leg. Figure 7 shows the articular performance for the experiment during one step. The reference parameters are such that the step length is set to 10 cm to be executed in two seconds. The height of the hip is defined as Tangential forces acting at the contact point, that is, friction F f and the resulting tangential force T f due to the articular dynamics, are depicted in Figure 8 . Notice that in this particular case, it is at the end of the step where the nonslipping condition is violated, being Figure 9 shows displacement 1 due to the slipping phenomenon. In order to satisfy (11c), the effective displacement of the contact point is affected by an offset defined by the horizontal position of the center of mass CM x and the 1 coordinate.
A representative effective displacement is indicated in Figure 9 at the end of the step, with an approximate magnitude of 4 mm in the opposite direction to the advance. Notice that the offset, that appears to be of 4.8 cm, is mainly dominated by the position of the CM at the beginning of the slippage.
The evolution of the auxiliary coordinates 1 and 2 are shown in Figures 10 and 11 , respectively. Notice that these coordinates are active only in the case that the nonslipping condition is violated; before this, the value of both coordinates is irrelevant and does not mean anything. However, when slipping occurs, the 1 coordinate describes a displacement, which results from the definition of Equation 11(c), whereas both slide 1 and evolve. The case of 2 has a similar active dynamics, but the coordinate represents a momentum according to Equation 11(d) . The Cartesian components for the center of mass are depicted in Figure 12 , whereas the evolution of the swing leg and the hip are shown in Figures 13 and   14 , respectively. Notice that the magnitude of the X -coordinate of the CM at the beginning of the slip mainly corresponds to the offset shown in Figure 9 . 
Conclusions
This work has addressed a simple and low-cost method to measure the relative displacement of the contact point between the supporting leg of a biped robot and the walking surface. Such a displacement is due to the slipping dynamics produced as a consequence of a performance under low-friction conditions together with highcontrol actions required to achieve an adequate error convergence to desired articular trajectories. The implementation of this estimation strategy is based on a low-cost force sensor that supported on a suitable change of coordinates allows obtaining a good estimation of the actual displacement that takes place at the support point. The information obtained from the force sensors identifies all the forces involved not only as a consequence of the posture of the robot, but also of the inertial components which are not explicitly taken into account in a theoretical development. The magnitude of the displacement is obtained while the biped robot is driven along a walking cycle produced by a specific set of desired trajectories. As a second stage of our research, it is intended to use the estimated sliding measurement directly on the control feedback law in order to compensate the slipping phenomenon on a particular gait.
